Problems concerning complete structural characterization of quasicrystals involve locating the atomic positions as well as determining the distribution of elements at each site. Quasicrystalline approximants provide models for potential building units of quasicrystals, but a clear determination of the elementaldecorations in such approximants also remains incomplete. We report experimental and theoretical studies of new, quaternary Bergman phases in the Li-Mg-Zn-Al system and a new, quasicrystalline approximant Li 10 Mg 6 Zn 31 Al 3 (A 16 M 34 -type). A theoretical model using averaged Mulliken populations provides a means to track the segregation of elements (and vacancies) onto different sites as a function of valence electron concentration. As the Li content decreases, vacancies begin to occur at a specific site in the Bergman structure. The new approximant demonstrates how truncated tetrahedra can play an important role in forming clusters with possible fivefold symmetry in quasicrystalline structures.
INTRODUCTION
For all the efforts over the past 1.5 decades to structurally characterize quasicrystalline phases [1] , locating and identifying the atoms in quasicrystals still remains an active and vital segment of quasicrystal research. To answer the question, "where are the atoms in a structure," two more specific questions must be solved: (1) what is the framework of atoms in threedimensional space, i.e., finding atomic coordinates for a structure; and (2) how do the elements decorate the structural framework of atomic positions? For crystalline structures, diffraction is the typical method used to answer both of these questions.
Quasicrystalline approximants have provided models for atomic positions for quasicrystals, which have been used for significant and thorough theoretical treatments of the electronic structure of quasicrystals [2] [3] [4] . Furthermore, X-ray and neutron diffraction has been successfully applied to solve the structures of various approximants for icosahedral quasicrystals [5] . One prototypical approximant is the cubic Mg 32 (Zn,Al) 49 structure that was first identified by Bergman and Pauling in 1956 [6] , called the "Bergman phase." Although the structure type has been observed for other ternary, intermetallic phases, significant details of the structure (i.e., "where are the atoms?") and the solid state chemistry of the Mg-Zn-Al phase remain in question. In this paper, we report results of our efforts to study the chemistry, structure and bonding of the Bergman phases in ternary Li-Zn-Al and Mg-Zn-Al systems as well as in the quaternary Li-MgZn-Al system [7, 8] , which we hope will shed some new light on the atomic decoration of icosahedral quasicrystals from the main-group element systems.
The Role of Aluminum
We became interested in the Bergman phases through our group's investigations of Al-rich intermetallic phases. Aluminum occupies a special position in the periodic table of the elements: it borders nonmetallic elements both horizontally (in its third period) and vertically (in the Group 13, called the "triels"), which simply demonstrates that electrical properties of metals (and, therefore, intermetallics) depend upon both the concentration of valence electrons (vec) as well as structural features (each of the Group 13 elements adopts a different ground state structure). Of particular relevance to quasicrystalline structures is the empirical observation that the Group 13 elements often show icosahedral clusters or fragments of icosahedra in their structural chemistry [9] . Even among the metallic "triels," as in alkali metal gallides and thallides [10] , icosahedra are common, distinct cluster units. In terms of electrical conductivities, elements with fewer than three valence electrons per atom behave as "normal metals," with electronic structures that follow a nearly free electron behavior and Pauli paramagnetism. Aluminum shows nearly free electron behavior, but becomes superconducting at 1.14 K. The Group 12 elements and Group 13 elements are classified as "metametals" [11] , which means they also follow a nearly free electron behavior, but show diamagnetic character. To the right of aluminum, we find semimetals and semiconductors, which typically have a low (or zero) density of states at the Fermi level. Their electronic structures can be modeled with tight-binding theory.
With respect to intermetallic chemistry, aluminides also show behavior intermediate between two important classes of main group intermetallic compounds: the Hume-Rothery phases and Zintl phases [12] , the second of which are less well known to metallurgists and materials scientists. Hume-Rothery phases are dense packed, metallic phases consisting of late transition metal and post-transition metals. Their structures follow simple electron counting rules, and occur for vec values between 1.5 and 2.0 electrons per atom (vec = valence electron concentration = # valence electrons/# atoms). Their electronic structures show nearly free electron behavior, and their structural tendencies can be explained by noting that the Fermi surface (radius k F ) lies close to a Brillouin zone surface of the structure, i.e., k F = K/2 (K = reciprocal lattice vector of the structure). In simple models, energy gaps may open in the bands in this region of reciprocal space, which contribute to the structural stability of one HumeRothery phase structure over another [13] . Zintl phases (the other boundary) are valence compounds composed of active metals (i.e., alkali and alkaline-earth metals) with post-transition elements. Within a simple chemical model, the electropositive, active metals donate their valence electrons to the electronegative, post-transition elements. The structures of Zintl phases are dictated by satisfying valence rules at the post-transition elements (the octet rule). Furthermore, the electronic structures of Zintl phases typically show a minimum (or zero) density of states at the Fermi level, and these materials are semiconducting or semimetallic. Among aluminides, LiAl is a traditional Zintl phase structure: Li donates its one valence electron to Al; Al − is isoelectronic with Si and shows the diamond structure. The electronic structure of LiAl shows a minimum in the densities of states (DOS) at the Fermi level. The chemical bonding character between Al atoms can also be plotted as a function of energy (crystal orbital overlap population (COOP) [14] curves or crystal orbital Hamilton population (COHP) [15] curves). For LiAl, all Al−Al bonding states are filled; Al−Al antibonding states are empty, which is another characteristic of Zintl phases. These valence compounds form when the vec values exceed 4.0 electrons per atom. In these cases, vec is evaluated with respect to all valence electrons, but only the "structure-determining," electronegative, post-transition elements.
K3.1.2
The ternary and quaternary "Bergman" phases we will address in this contribution fall between these two classes of intermetallics. Their structures are certainly densely packed, but the spectrum of interatomic distances also suggests the existence of a network embedded in the densely packed, metallic atoms, which is reminiscent of valence compounds. Electrical resistivities of icosahedral quasicrystals have shown both anomalously large values and unusual temperature dependences for intermetallic compounds. Nonetheless, their electronic structures do fit nicely with a Hume-Rothery type of analysis [2] [3] [4] . Our approach represents a different viewpoint, but, we hope, can lead to some new structural insights into the icosahedral phases.
EXPERIMENTAL DETAILS
As we already mentioned, Bergman and Pauling reported the structure of what would become the 1/1 approximant structure for the Mg 32 (Zn,Al) 49 system in 1956 [6] , which involved eight crystallographic sites. Three of these sites are clearly Mg, and three are some mixture of Zn and Al (which could not be unequivocally determined). A seventh site was assigned to Mg, but there are features of this site that make Zn or Al better occupants of that site. An eighth site, at the center and corners of the cubic cell, has been subsequently determined to be empty in most examples. Therefore, given these open crystallographic issues, there occurs the possibility of finding a range of compositions for the crystalline 1/1 approximant ("Bergman") phases from (Li,Mg) 32 (Zn, Al) 48 to (Li, Mg) 26 (Zn, Al) 54 .
All reactions involved combinations of the elements (sources: Li ingots, Johnson-Matthey, 99.5 %; Mg turnings, Johnson-Matthey, 99.98 %, Zn powder, Alfa, 99.9%, Al ingots, Alfa, 99.9999%) sealed under an Ar atmosphere in Ta ampoules, which were then encapsulated in fused silica jackets. Reactant mixtures were designed to investigate the range in compositions from (Li,Mg) 32 (Zn, Al) 48 to (Li, Mg) 26 (Zn, Al) 54 . Typical temperature profiles involved heating the reactant mixture at 60°C/hr to 800°C, holding for 6-12 hours, cooling at 10°C/hr to 475°C and holding for 3-4 weeks followed by quenching in ice water. At these temperatures, we did avoid temperatures at which quasicrystalline Mg-Zn-Al phases were prepared by mechanical alloying [16] . Products were characterized by Guinier X-ray powder diffraction, and single phase, crystalline products were identified for the phases prepared as (Li u Mg 1−u ) 26 (Zn 1−x Al x ) 54 . In ternary phases, we found reproducible, distinct regions of vec for the occurrence of single phase, crystalline, Bergman phase products: For ternary and quaternary reactant mixtures, the Bergman phase was only observed when 0.2 ≤ x ≤ 0.85 (x = fraction of Al with respect to Zn) as either a single phase product or part of a mixture of products. Beyond this region, no Bergman phases were observed in the products. However, in a narrow region that is extremely Zn-rich (x = 0.1), a new crystalline phase was discovered that contains building units with the potential to adopt pentagonal symmetry, which we show later in this contribution.
Single crystal X-ray diffraction experiments were carried out using a Bruker CCD-1000 diffractometer with Mo Kα radiation (λ = 0.71073 Å) at 298(2) K in a range of 2θ values between 3° and 56.0°-108.0°. Data were corrected for Lorentz and polarization effects, as well as for absorption. Neutron powder diffraction patterns were collected in vanadium containers at K3.1.3 the general-purpose powder diffractometer at the Intense Pulsed Neutron Source, Argonne National Laboratory. Time-of-flight neutron diffraction data were collected at 10(2) K and 2θ = ±148.88°. The data were analyzed by Rietveld refinement with the GSAS software system. For our theoretical modeling, two types of electronic structure calculations were utilized. To determine the electronic densities of states (DOS) and crystal orbital Hamilton populations (COHP) curves for models of Bergman structures, tight-binding linear muffin-tin orbital (TB-LMTO) calculations [17] were performed by solving the scalar, relativistic wave equation using the von Barth-Hedin local exchange correlation potential. Valence s, p and d functions were placed at each atomic site. To address the issue of atomic site preferences, semi-empirical, Extended Hückel (EHT) calculations [18] were carried out using valence s and p orbitals.
RESULTS AND DISCUSSION
Crystal structures of all products were analyzed using both single crystal X-ray diffraction and powder neutron diffraction techniques. In all cases, the structure adopted agrees, in general, with the reported Bergman structure. We identify seven distinct crystallographic sites and label three of these A (A1-A3: Li, Mg) sites and four of these M (M1-M4: Zn, Al) sites (for reasons explained later in the text). Figure 1 illustrates the structure and Table I lists ranges of interatomic distances relevant for each crystallographic site. Around each lattice point, we can identify shells ("clusters") of atoms. The innermost shell (M2 sites) form an icosahedron. The vertices are capped by an outer icosahedron (M1 sites), while the faces are capped by a dodecahedron (A2 and A3 sites). These 32 atoms of the second shell are surrounded by 60 atoms, which form a truncated icosahedron (M3 and M4 sites). This shell of atoms is shared with the neighboring lattice points. Finally, a set of A1 atoms fills the "tetrahedral holes" of the body-centered cubic packing of these concentric shells of atoms ('clusters"). Distances within the network of M atoms range from 250 pm to 300 pm. The distances involving the M4 sites are typically longer to other M sites (285-300 pm) than other distances in the net, while the M4−M4 distances span the widest range. The implications of these observations will be explained shortly. To answer the question, "how is this network of atoms decorated," required us to utilize both X-ray and neutron diffraction techniques. X-rays are similarly scattered by Mg (Z = 12) and Al (Z = 13), while neutrons are similarly elastically scattered by Mg (b = 5.38 fm) and Zn (b = 5.68 fm). According to the metallic radii of the elements, typical (Zn,Al)−(Zn,Al) distances should be ca. 275-285 pm, whereas (Li,Mg)−(Zn,Al) distances should be ca. 295-305 pm. Furthermore, using Pauling electronegativity values, Zn and Al are more chemically similar, and would be expected to occupy similar sites, different from Li and Mg. Therefore, a single diffraction experiment cannot give us direct solution to the question to decoration, and we must rely on a combination of experiments.
A "Simple" Theoretical Model
Before summarizing the experimental results, we present a simple, theoretical treatment for assessing the decoration problem. We developed this approach because the neutron diffraction experiments require a large amount of material for analysis, and it is not a routine procedure. Our model is couched in the tight-binding approximation, which begins with a fundamental basis set of atomic orbitals for the elements building up a structure. In this model, the total valence electron energy can be expressed as a sum of a "site energy" and a "bond energy" term [19] :
In this expression, q i = Mulliken population (i.e., the number of electrons populating the i th atomic orbital); α i = energy of the i th atomic orbital; p ij = overlap population between the i th and j th atomic orbitals (this is a bond index: p ij > 0 for bonding interactions; p ij < 0 for antibonding interactions); and β ij = resonance integral between the i th and j th atomic orbitals. For a given composition, Nature chooses a structure and decoration pattern that minimizes E TOT , which does not necessarily mean that the site energy and bond energy terms are each minimized, although this frequently seems to occur. Nevertheless, empirical evidence from the analysis of numerous examples indicates that the bond energy term controls the atomic network for a given valence electron concentration, while the site energy term controls the atomic decoration of the structure.
We start with the bond energy term for the atomic network in the Bergman phase. The more electronegative components (M: Zn and Al) form a network with the shortest interatomic distances. To construct a simple chemical model, we assume that to form this network, chemical bonding within this net must be (nearly) optimized (we show this effect later in the COHP curves calculated from TB-LMTO calculations). Since the network is built up of interconnected and condensed clusters, we can use Wade's rules [20] , which were originally formulated for boranes and carboranes, but have been successful for various clusters of both metallic and nonmetallic elements. This electron counting scheme provides a simple method for rationalizing (or "predicting") the structure of a cluster of main group atoms. According to Wade's rules, the cluster is divided between its exterior and interior: all "exo"-bonds (i.e., bonds to atoms at the vertices of the polyhedron) are two-center-two-electron bonds; whereas the cluster is held together via multi-center bonding using skeletal electrons. In this model, an icosahedron requires 26 skeletal electrons (filling 13 skeletal bonding orbitals) and a pentagonal pyramid requires 16 skeletal electrons (filling 8 skeletal bonding orbitals). Now, for the Bergman phases, there are four "classes" of bonding electrons: (1) the inner icosahedron needs 26 valence electrons; (2) the twelve "exo"-bonds between the inner and outer icosahedra need 24 valence electrons (12 electron pairs); (3) the truncated icosahedron of the third shell with the 12 M atoms of the outer icosahedron (second shell) create twelve pentagonal pyramids that are shared between two lattice sites, so we need (12 × 16 electrons)/2 = 96 valence electrons; and (4) 30 "exo"-bonds between these pyramids require 60 electrons/2 = 30 valence electrons. Therefore, the total number of valence electrons per lattice point is 176 valence electrons per A 26 M 54 formula unit (80 atoms), or, the optimal vec value for the Bergman network is 2.20 electrons per atom. This value is in astonishingly outstanding agreement with values evaluated from electronic structure calculations using a Hume-Rothery criterion [3, 5, 21] . Nevertheless, there do seem to be chemical bonding factors influencing the structure. Now, to address the site energy term, we have developed a technique called "relative Mulliken populations" [8] , within a semi-empirical electronic structure method. In this model, we place the same atomic potential (i.e., the same basis set of valence atomic orbitals), and calculate the different Mulliken populations (electron counts in each atomic orbital) for each site over a range of different electron counts. The relative Mulliken population defined for each site is ∆q i = 〈q〉 − q i . If ∆q i > 0, the crystallographic site is attractive for electropositive elements (elements that tend to donate electrons), while if ∆q i < 0, the crystallographic site is attractive for electronegative elements (elements that tend to accept electrons). In Figure 2 , we plot ∆q i for the seven crystallographic sites in the Bergman phase over the range of electron counts, 2.00 ≤ vec ≤ 2.68. Clearly, the sites segregate into two groups: three sites are attractive for electropositive elements (the A sites); four sites are attractive for electronegative components (the M sites). Among the four M sites, the M4 position has the least negative relative Mulliken population. Among the numerous examples reported in the literature, this simple model performs extraordinarily well [8] . To accurately determine the distribution of elements among the various crystallographic sites needs having a thorough determination of the composition. Therefore, to check our diffraction results, we carried out elemental analysis using inductively coupled mass spectrometry (ICP-MS). Table II The limiting compositions are "Li 26 Zn 28 Al 26 " (vec = 2.00) and "Li 26 Zn 13 Al 41 " (vec = 2.20). In the Mg-Zn-Al system, however, XRD cannot conclusively distinguish between Mg and Al. Both NPD and ICP-MS indicate that the Mg content exceeds 32%, which means that either some Mg atoms are found among the M sites or there are vacancies among the M sites in the Bergman structure. Figure 3 illustrates the trend in M site occupations for the two ternary systems, from which we see some similarities and distinct differences between the two ternary systems. In both systems, the M1 and M3 sites (the outer icosahedral second shell and part of the truncated icosahedral third shell) vary linearly with vec in a similar fashion. The differences occur for the inner icosahedral first shell and the M4 sites. In Li 26 (Zn 1−x Al x ) 54 , the M2 sites are Al-rich ("Zn 4 Al 8 -Zn 5 Al 7 ") and the M4 sites are 100% Al. On the other hand, in "Mg 26 (Zn 1−x Al x ) 54 ," the M2 site is constantly Zn-rich ("Zn 10 Al 2; " which we observe in the NaZn 13 -type compound, BaZn 10 Al 2 [22] ), while the M4 site contains no Al atoms, but rather a mixture of Zn, Mg and vacancies. Refinements from both NPD and XRD converge towards ca. 33.3% Zn, 33.3% Mg and 33.3% vacancies. Can we understand the differences in structural chemistry between the two ternary Bergman phases Li-Zn-Al and Mg-Zn-Al, especially what could influence the occurrence of vacancies in the M network? Within the tight-binding model, vacancies occur in structural networks to reduce any antibonding interactions that arise if there are no vacancies. This idea has precedent in tetrahedral semiconductors: the Grimm-Sommerfeld rule states that for tetrahedral semiconductors, the number of valence electrons/the number of sites = 4.0 [20] . For example, elemental Si has a unit cell with 8 Si atoms. Thus, 32 valence electrons/8 sites = 4.0, and the ideal Si structure is the diamond structure: the four valence electrons at Si contribute exactly to four two-center-two-electron bonds. Now, consider CdIn 2 Se 4 , whose vec = 32 valence electrons/7 atoms = 4.6 electrons per atom. If CdIn 2 Se 4 would adopt a complete tetrahedral framework, then some antibonding orbitals must be occupied for this electron count. In the unit cell of CdIn 2 Se 4 , there are 8 "tetrahedral" sites, but one is vacant and this corresponds to the Grimm-Sommerfeld rule. To determine (from theory) where vacancies are likely to occur in a complex atomic network, we can determine which site creates the smallest energy increase, when vacancies occur (for this estimate, we have used the semi-empirical theory). In the Bergman phases, using the bond energy term we would expect vacancies to exist when vec exceeds ca. 2.20 electrons per atom. According to site energies, the M4 site is the best candidate for vacancies, both of which agree with our experimental assessments. We have calculated (using semi-empirical methods) the total valence electron energy per atom for a range of vec values and various vacancy models [8] . Beyond ca. 2.28 electrons per atom, structures with 33-50% vacancies at the M4 site become preferred over the fully occupied positions.
The differences between the Li-Zn-Al and Mg-Zn-Al phases originate from the differences between the Li-(Zn,Al) and Mg-(Zn,Al) interactions, which are illustrated by COHP [15] to 0) . Furthermore, the Fermi levels when vec = 2.20 electrons/atom for both models fall near minima in the DOS curves. (In the oral presentation, there were comments about sharp peaks just below the Fermi level, which do not occur experimentally. This peak arises from semi-empirical calculations. In TB-LMTO calculations, this peak is spread over several eVs such that the DOS show nearly-free electron behavior. However, the COHP curves show distinct changes from "bonding" to "antibonding" regions of the DOS.). The site energy analysis (see Figure 2 ) revealed different tendencies for the three A sites: sites A1 and A2 are more electropositive than the A3 site. Therefore, in quaternary Li-Mg-ZnAl Bergman phases, Li would be attracted to the A1 and A2 sites; Mg to the A3 sites, which is confirmed by our experiments [8] . From several single crystal X-ray diffraction experiments on (Li u Mg 1−u ) 26 (Zn 1−x Al x ) 54 , the A1 site is always 100% Li, the A2 site varies from 55-78% Li, and the A3 site varies from 20-38% Li.
K3.1.9
A New Crystalline Phase in the Li-Mg-Zn-Al System: A Possible Approximant?
Through exploration of the quaternary Li-Mg-Zn-Al system, a new structure was discovered that is built up of sheets that show pentagonal bipyramidal building units: Li 10 Mg 6 Zn 31 Al 3 [22] . Its structure is illustrated in Figure 6 . The triangular faces of the bipyramids are capped by Li/Mg atoms, which, themselves, are surrounded by truncated tetrahedra of Zn/Al atoms. There is a close analogy between this new structure and the Bergman phases. 
SUMMARY
From our experimental and theoretical investigations of new, crystalline Bergman phases in the Li-Mg-Zn-Al system, we hope to create new insights and ideas into solving the problem, where are the atoms in quasicrystals? Although diffraction is a powerful method to establish both the atomic arrangement as well as the decoration pattern of the elements in a structure, additional supplementary analytical methods are also needed. Our experiments demonstrate that the structure of the Bergman phase does optimize (Zn, Al)-(Zn, Al) and (Li, Mg)-(Zn, Al) interactions as calculated by COHP. The decoration pattern can be analyzed using a semiempirical approach that places the same atomic potential at each site and evaluates the Mulliken population for various electron counts. Finally, even new structures remain to be discovered, as e.g., Li 10 Mg 6 Zn 31 Al 3 , that might shed light on the nature of quasicrystalline structures.
